Abstract. The study aims at deriving the effective conductivity K ef of a three-dimensional heterogeneous medium whose local conductivity K(x) is a stationary and isotropic random space function, of lognormal distribution and finite integral scale I Y . We adopt a model of spherical inclusions of different K, of lognormal pdf, that we coin as a multi-indicator structure. The inclusions are inserted at random in an unbounded matrix of conductivity K 0 within a sphere Ω, of radius R 0 , and they occupy a volume fraction n. Uniform flow of flux U∞ prevails at infinity. The effective conductivity is defined as the equivalent one of the sphere Ω, under the limits n → 1 and R 0 /I Y → ∞. Following a qualitative argument, we derive an exact expression of K ef by computing it at the dilute limit n → 0. It turns out that K ef is given by the well-known self-consistent or effective medium argument. The above result is validated by accurate numerical simulations for σ 2 Y ≤ 10 and for spheres of uniform radia. By using a face centered cubic lattice arrangement, the values of the volume fraction are in the interval 0 < n < 0.7. The simulations are carried out by the means of an analytic element procedure. To exchange space and ensemble averages, a large number N = 10000 of inclusions is used for most simulations. We surmise that the self-consistent model is an exact one for this type of medium, that is different from the multi-Gaussian one.
1. Introduction. The derivation of effective properties of heterogeneous media is one of the central problems of physics and engineering sciences. Replacing the actual medium by an effective, homogeneous one, constitutes the simplest upscaling approach. It is justified when the interest resides in the space average of the variables that characterize the system over scales that are large compared to the heterogeneity scale. Considerable effort has been invested in deriving effective properties for various media and in defining the range of applicability of the concept. A recent and extensive compendium, in the context of composite materials, is provided by Milton (2002) .
We are interested in flow through porous formations whose hydraulic conductivity (permeability) K(x) is modeled as a stationary space random function. The flow is governed by the linear Darcy's Law, and K is analogous to permittivity, to heat conduction coefficient and other similar properties pertaining to various processes. Though our results are of a general nature, we shall adhere here to the nomenclature of porous formations (aquifers, petroleum reservoirs). In this field too a comprehensive review has been published recently by Renard and de Marsily (1995) ; we shall therefore refer in the sequel only to studies directly related to the present developments.
Field data indicate that the conductivity of many natural porous formations can be accurately described by a lognormal distribution (e.g. Freeze, 1975) . This finding has caused interest in deriving the effective conductivity of this type of medium. While exact expressions were found for one-and two-dimensional flows, no such solution is available in 3D (see review of Sect. 3).
The aim of the present study is to derive an exact solution for the effective conductivity K ef of an isotropic heterogeneous medium of normal distribution of Y = ln K, for a structure that we coin as multi-indicator. The latter is a collection of blocks of different K, that are selected here as spherical inclusions. The analytical determined K ef is validated by accurate numerical simulations for logconductivity variance as large as σ 2 Y = 10. 2. Mathematical statement and definitions. We consider the flow of an incompressible fluid in a porous medium that is governed by V = −K ∇H (Darcy's Law); ∇.V =0 (continuity) (x ∈ Ω) (2.1) where V is the specific discharge (Darcy's flux), H is the pressure-head, and Ω is the flow domain. Elimination of V in (2.1) leads to
The flow domain is selected as a sphere of radius R 0 (Fig. 1) . The medium is of random and stationary K(x) or Y (x), of normal Y of mean hY i = ln K G (geometric mean), variance σ We assume that I Y /R 0 << 1 and the ratio ultimately tends to zero.
The boundary condition we select is of given uniform flow V = U on ∂Ω, the sphere surface, i.e. V r = U.ν where ν is a unit vector normal to ∂Ω. Let ∇H = (1/Ω) R Ω ∇H dx be the space average of the pressure-head gradient. Then, the equivalent conductivity is defined by (see Dagan, 2000) U =K eq J , J = −h∇Hi = const (2.3) where hi stands for ensemble averaging. In a homogeneous medium K = const, the exact solution is H = −J.x, V = U =KJ, K eq = K. Similar relationships could be obtained by considering the alternative boundary condition H = −J.x on ∂Ω and regarding U = V ® as the dependent variable. For the sake of simplicity of discussion, we regard the various realizations of Y (x) as obtained from one of unit variance y(x) by the transformation Y = σ Y y. The random space function y characterizes the structure and is given in terms of its various moments. Then, by dimensional analysis we can write K eq /K G = funct(σ 2 Y , I/R 0 ). The effective conductivity is defined as K ef = lim K eq for I/R 0 → 0, and consequently
The practical value of this definition stems from the basic assumption of theory of heterogeneous media that K ef is close to K eq for small, but finite I/R 0 . Furthermore, by ergodic hypothesis and under the same limit we have h∇Hi → ∇H = h∇Hi, hVi → V = U.
The equivalent conductivity could also be defined conveniently by using the dissipation e = −(1/Ω) R Ω V.∇H dx. After a few manipulations and with the aid of (2.1) one obtains e = −U.∇H → K −1 eq U 2 to define K eq . Although these relationships are well-known, it is worthwhile to emphasize that the concept of effective property is underlain by the aforementioned conditions: (i) the stationary K(x) has a finite integral scale, (ii) the ratio between the latter and the domain size tends to zero (unbounded domain) and (iii) the flow is uniform in the mean. The effect of domain finiteness was discussed recently by Dagan (2000) , whereas the impact of mean flow nonuniformity was analyzed by Indelman (1996) . Only under the above conditions the common relationship hVi = −K ef ∇hHi holds.
3. Previous derivations of K ef for media of lognormal conductivity distribution. The derivation of K ef , as defined above for an unbounded domain, has a 2 long history (see, e.g., Renard and de Marsily, 1995) and we shall refer here to a few relevant results solely.
The exact and well-known solution for 1D flow, that is easy to derive, is
Y /2). The 2D problem has the well-known solution K ef = K G , valid for any isotropic medium of pdf symmetrical in K/K G and K G /K, the lognormal being a particular case. This classical result is attributed to Matheron (1967) and Dykhne (1971) and it was extended in various manners (see e.g. Milton, 2002) . It is seen that in both 1D and 2D media, K ef does not depend on the structure of the medium as expressed by the various multi-point covariance functions of Y.
Matters are different in 3D, for which no exact solution was obtained so far. Two main approaches were followed in the past to achieve approximate solutions: small perturbation expansion and numerical simulations.
In the first approach the dependent variables are expanded in a power series in σ Y = o(1). After solving the flow problem at different orders, the effective conductivity is expressed by a series Matheron, 1967 , Gutjahr et al, 1978 ) is given by κ 1 = 1/6 and it does not depend on the pdf of Y and on its covariances: the only prerequisites are of an unbounded domain and of stationarity and isotropy. This result, consistent with the exact ones in 1D and 2D, has suggested a generalization for any σ 2 Y in the form
where D = 1, 2, 3 is the space dimension. This relationship has been conjectured by Landau and Lifshitz (1960) in electrodynamics and by Matheron (1967) in porous media. Dagan (1993) has derived the next approximation and found κ 2 = 1/72, precisely as the next term of the expansion of Landau-Matheron conjecture (3.1). However, in order to arrive at the solution, the multi-Gaussianity of Y was invoked, as far as third and fourth order moments were concerned. In the multi-Gaussian model the joint pdf of Y values at an arbitrary number of points is a multivariate normal vector whose variance-covariance matrix is completely determined by C Y (r). The result was, however, independent of the particular shape of the covariance C Y (r). This result strengthened the confidence in the Landau-Matheron conjecture. However, in the search of the next term, κ 3 , Abramovich and Indelman (1995) have adopted the multi-Gaussian model and arrived at the conclusion that κ 3 depends on the shape of the two-point covariance C Y , contradicting the conjecture. Thus, the issue of the validity of the Landau-Matheron conjecture for multi-Gaussian structures was not solved.
Numerical simulations of flow by Dykaar and Kitanidis (1992) and Neuman and Orr (1992) , for multi-Gaussian Y of selected C Y do tend to confirm the accuracy of the conjecture for values as large as σ 2 Y = 7. An important point of principle is that the assumption of multi-Gaussianity is not supported by field data. Indeed, due to scarcity of measurements, what was inferred at best was the lognormality of the univariate pdf of Y (e.g. Freeze, 1975) and the shape of C Y in a few field experiments. The far-reaching assumption of multiGaussianity was adopted merely for computational easiness. This issue is a matter of debate in the hydrological community and a different structure model, based on indicator krigging (Journel, 1983) , has been suggested as an alternative to the multiGaussian one. Numerical simulations of two-dimensional flow and transport (Wen and Gomez-Hernandez, 1998) for such a structure have led to different results than the multi-Gaussian model, for same conductivity pdf and covariance. A model close in spirit to the one based on the indicator variogram, that leads to a different value of K ef , is presented in the sequel.
4.
The multi-indicator model of conductivity structure. 4.1. General. To investigate flow in heterogeneous media we suggest modeling the formation as a multi-phase one, made up from blocks of constant, but different K (j) (j = 1, 2, ...M ), that do not overlap (Fig. 1) . We denote by ω (jk) the domain and volume of a block of conductivity K (j) and of centroid location x (jk) (k = 1, 2, ..., M (j) ). Thus, the total number of blocks is
. We assume that ω (jk) are known, whereas x (jk) are random variables, reflecting the uncertainty of K. Hence, the conductivity or logconductivity fields are given by
where the indicator function is defined by I(x−x (jk) ) = 1 for x ∈ω (jk) and I(x−x (jk) ) = 0 for x / ∈ω (jk) . The statistics of K or Y is defined completely by the joint pdf f (x (11) , x (12) , ...) of the N random variables x (jk) . The structure is specified by adopting two major assumptions: (i) inclusions do not overlap and (ii) properties of different inclusions are uncorrelated. To illustrate the concept for a simple, schematic, configuration, let's consider a chess board model, for which the conductivity of each element is drawn independently from a given permeability distribution. Furthermore, in each realization the configuration may shift in space. Hence, for a flow domain of much larger extent than block sizes, tending eventually to infinity, the univariate pdf of any
To further simplify the model, while keeping it quite general, we represent ω
by inclusions of regular shape namely spheres, the simplest one to model isotropic media ( Fig. 1 ).
To allow for generality and flexibility we shall assume that the inclusions of conductivities K (j) are submerged in a matrix of conductivity K 0 (Fig. 1 ). Hence, (4.1) is replaced by
and similarly for Y.
By the definition of the indicator function and by the assumed independence of x (jk) we have
with n (jk) = ω (jk) /Ω the relative volume of inclusion ω (jk) . We further define the volume fraction of phase
k=1 n (jk) and the total volume fraction of the inclusions by n = P M j=1 n (j) ≤ 1. It follows that the volume fraction of the matrix K 0 is 1 − n. With these definitions (4.2,4.3) lead to the following exact relationships
where
is the arithmetic conductivities mean of inclusions solely.
In order to demonstrate the generality of the model by applying it to a few particular cases, it is convenient to take the continuous limit of K (or Y ) and of the spherical inclusions radii A. With n (jk) → nf (K, A)dKdA and the marginal n (j) → nf (K)dK we get for the structure (4.2)
where f ( e K) is the pdf of conductivity of the medium, whereas f (K) is that of inclusions solely. The distribution leading to (4.4) may be regarded as resulting from a discrete representation of (4.5).
By the same token, Eq. (4.4) becomes, for instance for
where again hY i and σ 
4.2.
Computer generation algorithms and the log-conductivity covariance. Toward numerical simulations and for the sake of comparison with other models of heterogeneous structures, it is worthwhile to discuss in a more detailed manner the multi-indicator model. This is carried out in the context of the algorithms employed in order to computer-generate the structure.
A first scheme to be discussed is coined as completely random. After the discretization of the logconductivity pdf f (Y ) as an N component vector, the conductivity of the first inclusion
is drawn at random. The coordinate of its center x is selected at random within Ω, according to the uniform pdf f (x) = 1/Ω. The log-conductivity of the second inclusion is generated independently from the N − 1 remaining values while its center y is implanted at random in the domain Ω − ω 0 (x). The "exclusion domain" ω 0 (x) is the locus of centroids of blocks ω(y) that are in contact with ω(x), i.e. a sphere of radius 2R centered at x. This follows from the lack of correlation on one hand and non-overlap on the other hand. Hence, the conditional pdf is given by
. By using f (x, y) it is possible to determine the logconductivity two-point covariance
, r= |y − x|, and in particular the integral scale
The result is based on the basic relationship hI(x−x) I(y−x)i = ωχ(r)/Ω, where the function χ is defined by the normalized volume of the overlap of ω(x) i and ω(x + r). This relationship results from Cauchy algorithm (see e.g. Dagan, 1989, Sect. 1.9) . It can be shown that it leads for a medium made from spheres of uniform radii to
where r 0 = r/(2R). It is seen that the integral is given by I Y = 3R/4 and this result, which is not employed here directly, is the key to comparison between the multi-indicator and other heterogeneous structures.
We can proceed in a similar manner in order to derive the higher-order moments of Y. As an example the fourth-order moment can be shown to be given by
It is emphasized that the structure considered here is different from the multi-Gaussian one discussed in the preceding Section. For example, the above fourth-order moment for the multi-Gaussian distribution is given by
Y , which is seen to be different from the multiindicator result for same C Y . Accordingly, it can be shown that in 3D the discrepancy between the multi-Gaussian and multi-indicator moments of Y increases with the order of the moment.
Returning to the algorithm of computer-generation, the implanting of the third inclusion consists in selecting the coordinate of the center z at random in the domain Ω − ω 00 (x, y), where ω 00 is the exclusion zone of the two previous spheres. If |x − y| > 2R, ω 00 is union of the two exclusion zones ω 0 (x) and ω 0 (y) and z can be selected at random in the entire Ω − ω 00 . However, for |x − y| < 2R a "shadow" zone, which is not accessible to z, is created. As a result, implanting of additional inclusions leads to the well known result in theory of packing of spheres of equal radii, namely that the volume fraction for random setting has an upper bound n max (our computer simulations led to n max ∼ = 0.27). Since we are interested in a dense packing, close to n = 1, we could follow two procedures to overcome this limitation. The first one is to operate with a distribution of radii values in order to fill the gaps, by using, for instance, the socalled Apollonian packing (see e.g. Cumberland and Crawford, 1987) . This avenue was not followed at present because of its numerical complexity. Instead, we adopted a periodic, faced-centered cubic lattice packing, which is the one leading to the maximal possible volume fraction n max = 0.7405 for spheres of uniform radii; here we selected n max = 0.7. Under this arrangement the pdf of centers is given by f (x) = 1/Ω for the first inclusion, whereas f (y|x) = (N − 1)
, where a i are the deterministic positions of centers relative to a given one for the selected lattice. A careful numerical check revealed that the autocorrelation ρ Y for this arrangement was indistinguishable from the theoretical one described above. Furthermore, the results of flow simulations described in the sequel were also insensitive to this particular setup due of course to the random variation of the conductivity among inclusions.
5. The solution of the flow problem.
5.1. Exact formulation. We denote by φ(x) = −KH the specific discharge potential, such that by (2.1) it satisfies the following equations in the multi-indicator medium
where ∂/∂ν is a normal derivative to the sphere of radius R 0 (Fig. 1) . The potential φ is discontinuous at the interfaces ∂ω (jk) between inclusions and the matrix of conductivity K 0 , and the boundary conditions of flux and head continuity are as follows
where φ in is the potential inside inclusion ω (jk) , φ ex is the exterior one and ∂/∂ν is a normal derivative. We seek the solution of the flow problem (5.1,5.2) for I/R 0 << 1, while n (jk) , n (j) and n are fixed. It will be used in order to derive the equivalent and effective conductivity of the medium.
For reasons of numerical and analytical convenience, we modify the boundary condition (5.1) as follows: the medium of conductivity K 0 in which inclusions are submerged is extended to infinity (Fig. 1) and a uniform flow of constant velocity U ∞ is applied there. Hence, (5.1) is replaced by
while (5.2) remain the same for the inclusions confined within Ω. We shall show in the sequel that this "embedding matrix" representation (Dagan, 1981) can be employed in order to determine the equivalent and effective conductivity.
We represent the potential, satisfying (5.3,5.2) in a general manner as follows
The perturbation potentials ϕ (jk) are attached to inclusions ω (jk) and have differ-
in for x ∈ω (jk) and
ex for x / ∈ω (jk) . The interior potential is a regular harmonic function, whereas ∂ϕ
ex /∂x 1 → 0 for |x−x (jk) |→ ∞. The general representation we select for a generic ϕ(r), where r = x−x and R is the inclusion radius, is as follows A special role is played by the terms associated with T 0:1 = cos θ and T 1:1 = − sin θ. They lead to the following contribution in ϕ in (5.5)
This term is the potential of a uniform flow inside the sphere. Under spatial averaging over the entire space, all the terms of the specific discharge ∇ϕ (5.5,5.6) vanish except the constant ∇ϕ un in . Hence, for any inclusion we get
with ω = 4πR 3 /3. Summarizing, in any given realization in which an ensemble of spherical inclusions is set in space, the problem is reduced to determine the coefficients of (5.5,5.6) for each inclusion after inserting in (5.4). This is carried out numerically as follows.
The numerical approach.
5.2.1. Setup. The flow problem was solved numerically for the simplest configuration of spherical inclusions of uniform radius R that were inserted within a sphere of radius R 0 . As mentioned above, to achieve the largest volume fraction n with no overlap, the centers were set in a regular pattern of faced-centered cubic lattice. The conductivity of the inclusions was generated from a lognormal distribution independently, ensuring the lack of correlation between inclusions conductivity. Thus, the following parameters had to be selected in order to completely define the medium: the number of inclusions N, the volume fraction n (which determines the ratio R 0 /R = (N/n) 1/3 ), the variance σ 2 Y (which fixes the pdf of K/K G ) and the background matrix conductivity K 0 /K G .
The number of inclusions was selected N = 10000. This choice was motivated by the aim of reaching ergodic conditions: more precisely we wished to ensure that the spatial average of the specific discharge V=(1/Ω) R Ω V(x) dx is stable, being independent either of the particular generation of the conductivities field or of the ratio R 0 /R. The finiteness of the radius R 0 has two effects: it discretizes the pdf of K on one hand and it causes lack of stationarity in a boundary layer of thickness 0(R) at the envelope of Ω, on the other hand. Indeed, the inclusions at the boundary of the sphere Ω create a zone of transition between the homogeneous medium of conductivity K 0 and the stationary, heterogeneous core (Fig. 1) . To test the adequacy of the choice, a few simulations were carried out with N = 50000 and the latter number was employed only for the largest n and σ Y , when it made a small, but not negligible, impact. While the rationale for selecting the other parameters values will become apparent in the following sections, we enumerate them here.
Three values of n were adopted: n = 0.1 (sparse inclusions), n = 0.4 and n = 0.7 (close to the highest volume fraction for uniform radii achieved for the faced-centered cubic lattice). Accordingly R 0 /R ' 46, 29, 24, respectively.
Three values of σ 2 Y were selected: 0.5 (weak heterogeneity), 2 and 10. Finally, for each σ 2 Y three different values of the matrix conductivity were chosen (they will be given in Sect. 7). Thus, the total number of simulations with N = 10000 was 27. 5.2.2. Implementation. The inclusions were subject to uniform flow at infinity U ∞ (5.4) in the x 1 direction. The infinite series (5.5,5.6) of the solution pertaining to each inclusion must be truncated for computer implementation, when applying the head boundary condition (5.2). High truncations levels were selected to eliminate head discontinuities. The truncation level P max , that is related to the outer sum in (5.5,5.6), was P max = 14 for n = 0.1 and n = 0.4 simulations, and P max = 19 for n = 0.7 simulations. Number of degrees of freedom per inclusion is (P max + 1) 2 . The head continuity was satisfied in an approximate, though highly accurate manner, and the coefficients were determined by using an iterative super-block algorithm of Strack et al (1999) . Iterations were terminated once the largest relative change in coefficients (between two subsequent iterations) over all coefficients of all inclusions was under 10 −8 . The relative change in coefficients of an inclusion was computed as the absolute change in coefficients divided by the sum of absolute values of all coefficients of the inclusion.
Simulations were carried out on a Linux-based distributed-memory cluster of 1GHz Pentium III dual-processor nodes at the Center for Computational Research, University at Buffalo. Most simulations were run on a single processor. The required CPU effort depends on the packing density and variance of log-conductivity. Simulations have lasted from 14 to 60 CPU days.
Following the flow solution for the potential, the x 1 velocity components were computed by analytic differentiation of (5.5) and (5.6) on a 100x100x100 grid and averaged over a subdomain of Ω, to yield the numerical estimate of V. The subdomain was a cube of side equal to 1.1R 0 , placed at the center of the domain such as to ensure sampling of the stationary field. The mean flux V was also determined by averaging the uniform flow interior component ∂ϕ un in /∂x 1 (5.7) of the inclusions in the subdomain and the result was identical to the previous one, strengthening the confidence in the procedure. The results for V/U ∞ in the different cases will be given in Sect. 7.
Finally, the advantage of the numerical method is that once the coefficients in (5.5,5.6) are determined accurately, the velocity field can be computed analytically. This ensures high accuracy even for large permeability contrasts K (j) /K 0 , which is difficult to achieve by conventional numerical methods. This is illustrated in Fig. 4. 6. The derivation of K eq and K ef by Maxwell method.
6.1. Derivation of K eq . The numerical solution of the flow problem was carried out for values as large as σ 2 Y = 10. For the large R 0 /R values adopted here, the velocity field and the streamlines outside the sphere Ω (Fig. 1) , in the matrix K 0 , are close to those pertaining to a homogeneous sphere of conductivity K eq that is submerged in the matrix. In contrast, the velocity field and the streamlines fluctuate inside Ω around a constant ensemble mean U(U, 0, 0) and mean straight streamlines, respectively. Slight deviations are present in a boundary layer near ∂Ω. However, due to the large ratio R 0 /R, its influence is negligible. As mentioned above U is estimated by the numerically determined V.
The relationship between K eq , U and U ∞ is easily established by using Maxwell method. The exact solution of flow past a homogeneous sphere of conductivity K and radius R 0 , centered at x and submerged in a matrix of conductivity K 0 is given by φ = U ∞ x 1 + ϕ(r), with
The constant interior velocity is therefore given by V in = U ∞ (1 − β). According to the Maxwell method V in is equated with U, the mean velocity in the heterogeneous sphere, leading to
Generally speaking, K eq (6.2) is a function of K 0 and R 0 , as well as σ 2 Y and n. Since the ratio R 0 /R >> 1 in the numerical simulations, U becomes independent of R 0 /R; then, K eq can be viewed then as the effective conductivity of the medium represented in Fig. 1a . We shall adhere, however, to the notation K eq and dedicate the symbol K ef to the limit case discussed in the following.
While U has to be determined numerically for arbitrary volume fraction n, it can be derived analytically at the dilute limit n → 0. At this limit inclusions are sparse and do not interact. The solution of flow is then given by φ = Ux 1 +
The well known relationships (6.3), particular case of (5.5,5.6), represent the solution of flow past an isolated sphere of radius A (k) and conductivity K (j) , centered at x (jk) that is surrounded by a medium of conductivity K 0 , under condition of uniform flow at infinity.
As already mentioned, in the computation of the mean velocity V = (1/Ω) R Ω ∇φ dx, the exterior terms of (6.3) drop out and the only contribution stems from the interior, constant, velocities ∂ϕ
where it is reminded that n (j) is the volume fraction of phase K (j) . We denote for brevity
Hence, the definition (6.2) yields
With the given lognormal distribution f (K), Eq. (6.4) leads by a quadrature to the value of the equivalent conductivity as function of K 0 /K G , σ 2 Y and n, at the dilute limit. It is seen that K eq does not depend on the radii distribution.
6.2. Analytical derivation of K ef . As the volume density of the inclusions of lognormal conductivity distribution n tends to unity, the space is filled by inclusions and the embedding matrix of conductivity K 0 becomes a skin of vanishing influence. We define, therefore, K ef as the limit of K eq (6.2) for R 0 /I → ∞ and n → 1, such that K ef /K G = funct(σ 2 Y ). Of course, this can be achieved at any given accuracy by filling the space with inclusions of different radii A.
We prove now that K ef can be determined by a simple analytical procedure that relies on a qualitative analysis. Toward this aim we depict in a qualitative manner the graphs of K eq /K G as function of n for fixed σ 2 Y and for constant values of K 0 /K G (see for illustration Fig. 3) . At one extreme, it is seen (6.4) that for n = 0, K eq = K 0 as inclusions disappear. At the other extreme, for n → 1, K eq → K ef which is independent of K 0 . If K 0 > K ef it is expected that K eq decreases monotonously from K 0 (n = 0) to K ef (n = 1) . In a similar vein, if K 0 < K ef , the opposite should be true: K eq increases monotonously from K 0 (n = 0) to K ef (n = 1) . We adopt this picture, though it is not proved rigorously. The striking conclusion of this construction is for K 0 = K ef the latter is independent of n, since the graph of K ef /K G as function of n is the transitional one between monotonously decreasing and increasing ones. ¿From (6.2) it is seen that the relationship K eq = K 0 is equivalent to U = U ∞ .
This analysis yields to the following redefinition of K ef in words: if inclusions of a lognormal conductivity distribution are inserted in a sphere within a medium of conductivity K ef , the uniform flow outside the sphere is not disturbed by the presence of the inclusions, irrespective of their density (Fig. 1b) .
Hence, since K ef is independent of n, it can be derived at the dilute limit n → 0 by using (6.4) with K 0 = K eq = K ef . This substitution yields
It is seen that K ef does not depend on the radii distribution and (6.5) leads precisely to the self-consistent or effective medium approximation that is well-known in the literature (see, e.g. Milton, 2002) , though derived by somewhat different arguments. The same equation is given by Dagan (1989) in the equivalent form
and K ef /K G was determined numerically by an iterative procedure. The self-consistent value is represented in Fig. 2 here, in which we also plotted the one based on the Landau-Matheron conjecture (3.1) and it is seen that the two diverge significantly at large σ 2 Y . It is emphasized that under a perturbation expansion in Y 0 = ln(K/K G ) in (6.5) we get for K ef /K G the general result κ 1 = 1 + σ 2 Y /6, whereas κ 2 is different from the one based on Landau-Matheron conjecture (Dagan, 1993) .
7. Numerical validation of the solution of K ef (6.5). The important result that K ef does not depend of the volume density of the inclusions was based on a qualitative argument. We validated the result, as well as the assumed monotonous dependence of K eq on n, by numerical simulations. As mentioned above, we have adopted in the numerical simulations the simplest configuration of spheres of uniform radius R, i.e. f (K, A) = f (K) δ(A − R). While this choice limits n to a maximal value close 0.7, we submit that the monotonous trend of the numerically determined K eq /K G as function of n for given K 0 6 = K ef on one hand, and the independence of K eq = K ef for K 0 = K ef upon n on the other hand, prove our qualitative analysis.
For the selected values σ 2 Y = 0.5, 2, 10, K ef was determined from the integral equation (6.5) by solving it iteratively, the result being K ef /K G = 1.079, 1.291, 2.376, respectively (see also Fig. 2 ). For each value of σ 2 Y , three values of K 0 were selected: K 0 /K ef = 2, 1, 0.5. The simulations were carried out for these values and for the aforementioned n values, altogether 27 runs. In each run the resulting V 1 /U ∞ ' U/U ∞ was substituted in (6.5) to determine K eq /K G for the given σ 2 Y , n and K 0 /K G . The results, which encapsulate the outcome of our analysis, are presented in Fig. 3 .
Examination of Fig. 3 shows clearly that for each σ 2 Y , K eq /K G decreases monotonously with n for K 0 /K ef > 1 and the opposite is true for K 0 /K ef < 1. Hence, our analysis based on a qualitative, though convincing, argument is supported by the simulations.
However, the striking result displayed in Fig. 3 is that for K 0 /K ef = 1 the equality V 1 /U ∞ = 1 is indeed obeyed accurately independently of n. In other words, the exterior flow to the sphere of radius R 0 is not disturbed by the heterogeneous medium independent of n. To illustrate this finding we show in Fig. 4 the numerically determined lines of constant head in the plane x 2 = 0 for three different K 0 /K ef .
The numerical results for V 1 /U ∞ are also given in Table 1 in the 9 pertinent simulations. It is seen that except for the last and extreme case (σ 2 Y = 10, n = 0.7), V 1 /U ∞ differs from unity by less than 1%. We presume that these slight deviations were caused by the finiteness of R 0 /R. In order to check this effect, the last case was also run with N = 50000 and indeed the ratio V 1 /U ∞ is closer to unity. In particular, two additional simulations with σ 2 Y = 8 and σ 2 Y = 10 and n = 0.7 were carried out with 50000 inclusions, and in both cases the difference betweenV 1 and U ∞ was less than 0.6% of U ∞ .
Last, it is emphasized that at the dilute limit as well as by the numerical procedure, the mean velocity V 1 results from the summation of the constant, interior velocities in the inclusions. However, in the dilute case (6.3), the latter depend only on the conductivity of the inclusion. This is not the case for finite n: the interior velocity in inclusions as given by (5.5) is influenced by the neighboring ones and it varies among inclusions of same conductivity and only the sum is equal to that predicted by the dilute limit (6.3). This nonlinear effect is illustrated in Fig. 5 in which we have represented the mean interior velocity fluctuation and its standard deviation for various classes of inclusions of same K. The figure shows that the self consistent approximation works not only as a mean for all inclusions but for each set of inclusions of same K. This comes out from the good agreement between the average β 1:1 , obtained by the numerical simulation, and its prediction β (K/K ef ) (with β given by Eq. 6.3) based on the self consistent approximation. The small standard deviation of β 1:1 indicates that the local effects of neighboring inclusions upon individual ones is rather small, as far as the leading term (5.7) is concerned. The standard deviation is close to zero (approximately 4 · 10 −3 for the present case) at Y = ln K ef , meaning that local effects are close to zero for inclusions of K = K ef .
8. Summary and conclusions. The study aims at deriving the effective conductivity K ef of a heterogeneous medium whose local conductivity K(x) is a stationary and isotropic random space function, of lognormal distribution and finite integral scale I Y .
While exact solutions are known for 1D and 2D flows, only approximate ones were found in the past for the 3D case. If the field is multi-Gaussian, i.e. the values of Y = ln K at any arbitrary set of points constitute a multi-variate normal vector, it is believed that the Landau-Matheron conjecture K ef /K G = exp(σ 2 Y /6) is an accurate approximation. However, higher-order perturbation solutions indicate that terms O(σ 6 Y ) depend on the shape of the two-point covariance C Y , casting doubt on the validity of the conjecture for high σ Y .
In the present study we adopt a different model, namely of spherical inclusions of different K, of lognormal pdf, that we coin as a multi-indicator structure. The inclusions are inserted at random in an unbounded matrix of conductivity K 0 within a sphere Ω, of radius R 0 , and they occupy a volume fraction n (Fig. 1) . Uniform flow of flux U ∞ prevails at infinity. The effective conductivity is defined as the equivalent one of the sphere Ω, under the limits n → 1 and R 0 /I Y → ∞. If K 0 = K ef , the flow outside Ω is not disturbed by the heterogeneous medium and U ∞ is equal to the mean flux U inside Ω.
By a qualitative argument, based on weak assumptions, we arrive at the main result of the study: for K 0 = K ef the flow outside Ω is undisturbed for any volume fraction of inclusions within Ω. This property permits to derive an exact expression of K ef by computing it at the dilute limit n → 0. It turns out that K ef is given by the well-known self-consistent or effective medium argument.
The above result is validated by accurate numerical simulations for σ 2 Y ≤ 10. It is shown that for spherical inclusions of equal radius and for n as large as 0.7 the flow is not disturbed outside Ω. To exchange space and ensemble averages, a large number N = 10000 of inclusions is used for most simulations. Although we did not reach the limit n close to unity, which can be achieved only by employing inclusions of different radii, we surmise that the self-consistent model is an exact one for this type of medium, that is different from the multi-Gaussian one. Indeed, Fig. 3 demonstrates clearly the constancy of K 0 = K ef for n < 0.7 and the convergence to the same value for different K 0 . A more general conclusion is that in 3D the effective conductivity depends not only on C Y , but on the higher-order correlations that characterize the heterogeneous structure in a statistical sense. ¢ , LandauMatheron conjecture (Eq. 3.1), and self-consistent approximation (Eq. 6.5).
• Figure 3 . The conductivity K eq as function of the volume fraction n, for σ 2 Y = 10, 2, 0.5 and K 0 /K ef SC = 0.5, 1, 2; K ef SC is the effective conductivity evaluated through the self-consistent approximation.
• Figure 4 . Flow domain with lines of constant head; case σ 2 Y = 10, n = 0.7.
• Figure 5 . The mean and standard deviation of the coefficient β 1:1 (Eq. 5.7) for various classes of inclusions of same Y = ln K; case σ 2 Y = 2, n = 0.7, K 0 = K ef SC . 
